Abstract. In this present paper, we provide an interpretation of the deformation space of a determinantal Barlow surface via smoothings.
Introduction
Let (y 1 , y 2 , y 3 , y 4 ) be a coordinate of P 3 , and consider a D 5 = b, a action on P where is the primitive 5-th root of unity. In [C1] , Catanese studied a fourdimensional family of surfaces that are double coverings of Z 5 -quotients of the Z 5 -invariant symmetric determinantal quintics. We will refer to these Z 5 -quotients of the Z 5 -invariant symmetric determinantal quintics as determinantal Godeaux surfaces. Inside of this four-dimensional family, there is a two-dimensional D 5 -invariant symmetric determinantal Godeaux surface. After providing a twisted Z 2 -action on the double cover, we have a two-dimensional subfamily of the moduli space of Barlow's example [B] . We will refer to these surfaces as determinantal Barlow surfaces. Let Σ be a D 5 -invariant symmetric determinantal quintic surface in P 3 and let σ : Y → Σ be a double cover. Consider a commutative diagram
(1.1)
In diagram (1.1), X is a D 5 -invariant determinantal Godeaux surface, and B is a determinantal Barlow surface. By the construction of a D 5 -invariant determinantal Godeaux surface, there is an extra involution. The fixed divisor of this involution is a −3-curve D X (P 1 with N P 1 |X = O P 1 (−3)) without passing through four nodes (the double cover Z → X is branched over these four nodes). So the preimage of
and D 2 , Z 2 -action of Z → B interchanges D 1 and D 2 . So these two −3-curves go to a −3-curve D B in B without passing through four nodes (the double cover Z → B is branched over these four nodes) [B] . By parameterizing Z 5 -invariant symmetric determinantal quintics with 20 nodes, we can easily see that the general element of those set do not have the preimage of D X . This argument shows that the natural map of
is surjective. Therefore we have two directions of the first order deformation space induced by the cohomology of H 1 (N DX |X ). In this paper, we will prove that the surjectivity of the map of 
Throughout we work over the complex number field C. The notation here follows the standard textbook [H] .
Proof of the Theorem
Let V be a smooth projective surface and D a smooth curve in V . There is a natural map n : T V → N D|V induced by the composition of the maps
The short exact sequence (2.1) induces the long exact sequence
In the long exact sequence (2.2), each cohomology group relates the first order infinitesimal deformation or obstruction:
classes the first order infinitesimal deformation of the pair (V, D) and the obstruction lies in H
classes the first order infinitesimal deformation of V and the obstruction lies in H 2 (T V ). We also have the commutative diagram of the obstruction maps in (2.2):
The next lemma is easily obtained by the commutative diagram (2.3).
Lemma 1. (1)
Assume that the natural map n :
The definition of T V,D induces a short exact sequence:
It is interesting to find the cases when the natural maps n :
Definition 2. A simple normal crossing surface X (a projective surface with normal crossing, and each irreducible component is smooth) is smoothable if there is an analytic disc ∆ in C and a projective flat family of varieties π : X → ∆ whose central fiber is X, and a general fiber
Denote by T i X and T i X the local and global deformation objects of LichtenbaumSchlessinger, respectively. In the case of reduced local complete intersection, we have
Since X is normal crossing, X is locally embedded in a smooth variety X and we have
, so the following long exact sequence holds:
The space H 1 (T 0 X ) classifies all "locally trivial" deformations of X, i.e. for which the singularities remain locally a product, and its obstruction lies in 
) and the maps induced by the exact sequences (2.6), (2.1), can be obtained via the following natural maps [DF] .
Let ω W be the obstruction class of the extension of the first-order neighborhood of D in W to the flat model, which is in 
The other direction is exactly the same as this. Then the next lemma is easily obtained by the observation.
Lemma 4. Assume that the exact sequence
0 → T D → T W | D → N D|W → 0 splits and that H 2 (T W ) vanishes. Then the map H 0 (T 1 X ) → H 2 (T V ) ⊕ H 2 (T W ) is zero.
In particular, if W is a ruled surface and D is a section in W , then the map
The next example in [PP] shows that the vanishing of the above map is not enough for the obstruction map to be zero even for a d-semistable case. 
where the last map is the projection, is same as the image of η in H 2 (T V,D ) induced by the exact sequence (2.1). Therefore if η is not in the image of the map n :
, then there is no smoothing of X.
Lemma 6. In Example 5, if we assume that the map
Proof. Since W is a ruled surface, we have the vanishing H 2 (T W ) = 0. Then the assumption implies that H 2 (T W,D ) = 0 by the exact sequence (2.1). Since W is a ruled surface, the map
, induced by the splitting of the exact sequence (2.1), is surjective. This splitting also applies to the surjectivity of the map t :
by the exact sequence (2.6).
Lemma 7. In Example 5, if we assume that H 2 (T V ) = 0, then X has a smoothing if and only if η is the image of n.
Proof. If X has a smoothing, then the map
So η is in the image of n by the argument in Example 5. Assume that η is in the image of n. So there is an element θ in H 1 (T V ) such that n(θ) = η. Since H 2 (T V ) = 0, we have the θ-direction deformation of V i.e. there is a flat family π : V → ∆ with π −1 (0) = V and θ corresponds to the extension 0 Example 9. Choose a smooth curve C with g(C) ≥ 2 and a finite morphism f : C → P 1 . This induces a finite morphismf and a commutative diagram
where D is a smooth curve with g(D) ≥ 2. Thenf is branched over finite fibers
Since we choose D 0 outside of the branch loci, 
is derived from the splitting of the long exact sequence of 0
Lemma 11. In Example 9, Y = W 1 ∪ D0 W 2 has a smoothing. And the natural map n :
Proof. Choose any η ∈ H 1 (N D0|W1 ) = H 1 (O D0 ). Consider a trivial family W of W 2 = P D0 (E) where E corresponds to an extension sheaf of η. Blow up the central fiber; then we have Y = W 1 ∪ D0 W 2 in the central fiber. So Y has a smoothing. By Lemma 7, η is in the image of n. According to the above example, the same analytic neighborhood of the double curve is not enough to determine whether a smoothing exists or not. Let us go back to the question in Example 8. Let σ : V 1 → W 1 be a double covering branched over C where C consists of a finite disjoint union of smooth curves. There is a relation between the cohomology of the tangent sheaf of V 1 and the cohomology of the tangent sheaf of W 1 [C2] : (2.8) and it holds the long exact sequence by Serre duality
where 2L ∼ C. In particular, H 2 (T V1 ) = 0 implies that H 2 (T W1 ) = 0.
